We 
Introduction
When parts are in contact with a rigid oscillating surface, frictional forces induce the parts to move in a predictable manner. A single rigid plate is therefore a simple and appealing platform on which to perform a variety of parts manipulation tasks such as transporting, orienting, positioning, sorting, mating, etc. If the motion of the plate is programmable, it is possible to perform these tasks on parts of various shapes and sizes without the need to reconfigure hardware for each new task or part geometry.
In this paper we study the motion of point parts on a sixdegree-of-freedom (DoF) oscillating plate. The key discovery is that small-amplitude periodic plate motions map to positiondependent velocity fields on the plate surface, which we refer to as asymptotic velocity fields. For many plate motions and coefficients of friction, part motion is well described by the asymptotic velocity field. Although we do not yet know how to characterize the set of all asymptotic velocity fields obtainable with a six-DoF oscillating plate, we do know that this set includes fields with non-zero divergence (i.e. fields with sinks and sources). We have implemented many of these fields on our programmable parts-feeding oscillatory device (PPOD). The PPOD is a parallel manipulator similar to a Stewart platform ( Figure 1 ). Extension 1 is a video of parts moving in several velocity fields on the PPOD.
The rest of the paper is laid out as follows: in Section 2 we discuss related work that focuses on programmable force fields and vibratory surfaces1 in Section 3 we present a full dynamic model of the part-plate system1 in Section 4 we present a simplified dynamic model which is the basis for our theorem asserting the existence of asymptotic velocity fields1 in Section 5 we discuss a computationally efficient method to find a qualitative approximation to an asymptotic velocity field1 in Section 6 we examine the class of sinusoidal plate motions and the set of asymptotic velocity fields which they generate1 in Section 7 we discuss more general plate motions1 in Section 8 we present experimental results obtained with the PPOD1 and in Section 9 we conclude with remarks on future work.
Background
For some tasks, such as positioning and orienting a part, planar force fields with non-zero divergence (e.g. squeeze fields Fig. 1 . The programmable parts-feeding oscillatory device (PPOD) is a six-DoF parallel manipulator that creates velocity fields on the surface of an oscillating plate. Six symmetrically arranged speakers are connected to the plate from below through linkages. Each linkage has a pair of flexures that serve as joints. Four dual-axis accelerometers mounted to the perimeter of the plate measure its acceleration. The bottom image represents a point part moving in a Whirlpool field as seen from directly above the PPOD. and sink fields) can be designed to interact with the part so that the task can be completed without the use of sensors. Significant theoretical work has gone into developing algorithms that exploit programmable force fields for sensorless positioning and orienting of planar parts (e.g. Böhringer et al. (1999) , Coutinho and Will (1998) , Lamiraux and Kavraki (2000) and Sudsang (2002) ). Böhringer et al. (2000) showed that a single flexible plate, when properly clamped and vibrated, generates a field with a squeeze line to which parts are attracted. By applying successive squeezes, it is possible to orient parts without sensors1 however, changing the location or orientation of the squeeze line requires reclamping. To avoid such hardware modifications, most devices use a planar array of actuators under software control to generate the force fields. The actuators on these devices include MEMS elements (Böhringer et al. 19941 Konoshi and Fujita 19941 Böhringer et al. 1998) , rolling wheels (Luntz et al. 1999) , air jets (Luntz and Moon 2001) , and rigid vibrating plates (Frei et al. 2000) . Although these systems can create a wide range of fields, the fields are necessarily discrete, whereas most theoretical work assumes continuity. To approximate a continuous field, the array must contain a large number of actuators, often increasing cost and making fabrication and control difficult.
By contrast, the PPOD consists of a single rigid plate and six linear actuators that allow for programmable six-DoF motion of the plate. This makes the PPOD comparatively simple yet powerful enough to create a large set of continuous fields that includes many with nonzero divergence. In fact, many fields with practical automation applications do not even require the plate to move with all six degrees-of-freedom. For instance, we previously showed that a squeeze field can be generated on a plate moving with just a single DoF (Vose et al. 2007 ). For these types of fields corresponding to low-DoF plate motion, simple and inexpensive devices can be fabricated to generate the plate motion.
Low-DoF implementations for unidirectional part conveyance have been well studied already. When the motion of a rigid plate is purely translational, point parts at all locations experience the same forces. This results in a single feed rate that is independent of position. In the simplest one-DoF case, the plate is horizontal and translates longitudinally. Reznik et al. examined a particular type of bang-bang motion for this case (Reznik et al. 19971 Reznik and Canny 1998a) . Okabe et al. (1985) looked at one-DoF plate motion in which the plate is also angled with respect to the horizontal. Two-DoF systems, allowing translation both longitudinally and normal to the surface, were examined by Morcos (1970) and Frei et al. (2000) . Umbanhowar and Lynch (2008) derived optimal plate motions that maximize part speed on one-and two-DoF translating rigid plates. Mitani et al. studied the motion of parts on a plate with a saw-tooth profile undergoing symmetric longitudinal vibrations [Mitani et al 2006 (see below) ].
The PPOD, which can be used for much more than unidirectional part conveyance, is an extension of the universal planar manipulator (UPM) designed by Reznik et al. (1999) . The UPM consists of a single rigid horizontal plate that moves with three DoFs in the horizontal plane (two translational and one rotational). The UPM is capable of generating certain positiondependent force fields (Reznik and Canny 1998b) including fields localized in the vicinity of a single part (Reznik and Canny 2001) . One drawback of the UPM is that position sensing is required to orient and position parts. This is because systems that restrict plate motion to the horizontal plane only generate fields with zero divergence (Reznik and Canny 1998b) . As we will see, the PPOD creates fields with non-zero divergence by rotating the plate out of the horizontal plane while simultaneously translating and/or rotating the plate in the hor-izontal plane such that the translational direction and axis of rotation are not coincident.
Another recent vibratory device for manipulating parts is the two-DoF rigid plate built by Higashimori et al. (2008) . This plate can translate longitudinally and rotate about a fixed axis in the translational direction. Unlike the PPOD, the plate is designed to rotate with large enough amplitudes so that gravitational forces can directly impel the part. Although the coincidence of the translational direction and the axis of rotation precludes the generation of fields with non-zero divergence, the plate's two DoFs are still sufficient to move a part to any desired position and orientation on the plate surface (Higashimori et al. 2008) . Like with the UPM, this is accomplished by adjusting the plate's motion each cycle based on camera feedback to ensure that the net force and torque cause the part to initially translate or rotate in a desired direction.
In previous work we discussed periodic plate motions that generate fields with non-zero divergence, with particular emphasis on squeeze fields (Vose et al. 2007 (Vose et al. , 2008a . This paper builds on a recent paper (Vose et al. 2008b ) in which we formally defined asymptotic velocity and showed that every periodic plate motion maps to a unique asymptotic velocity field. Here we extend that paper by giving a more rigorous treatment of the mapping between plate motions and asymptotic velocity fields, further discussing the set of fields that can be generated with sinusoidal plate motions, and presenting experimental results obtained with the PPOD that verify our theoretical predictions.
System Model

Plate Kinematics
Consider a rigid plate undergoing small-amplitude vibration. We define three coordinate systems: a fixed inertial frame 1, a local frame 2 attached to the origin of the plate, and an inertial frame 2 2 instantaneously aligned with 2 ( Figure 2 ). The z-axis of 1 is in the direction opposite to the gravity vector, which is represented as g 3 [01 01 4g]
T in the 1 frame. The z 1 -axis of 2 is perpendicular to the plate surface.
We choose to describe the kinematics of the plate in the 1 frame. The configuration of the plate is given by 1
where R 5 SO233 and p 5 1 3 . Both R and p are periodic C 1 functions of time with period T . In the home position, p 3 0 and R 3 I, where I is the identity matrix. The position of the part P is given by r in the 1 frame and by q in 2 frame.
Part Kinematics
Let P be a point part with mass m in contact with the plate. As illustrated in Figure 2 , let q 3 [x 1 1 y 1 1 0] T be a vector in 2 to P, and r 3 [x1 y1 z]
T be a vector in 1 to P such that r 3 p 8 Rq6
Let P 9 be the point on the plate 1 directly underneath P. The position of P 9 is given by the vector r 9 in the 1 frame. The velocity and acceleration of P 9 in the 1 frame are given by 
The velocity and acceleration of P in the 1 frame are given by 6 r 3 6 p 8 4 4 4 Rq 8 R 6 q 3 6 r 9 8 R 6 q1 (4) 7 r 3 7 p 8 4 4 4 4 4 4 Rq 8 5 5 5 Rq 8 24 4 4 R 6 q 8 R 7 q 3 7 r 9 8 24 4 4 R 6 q 8 R 7 q6 (5)
Part Dynamics
Three forces act on the part: gravity, friction, and the normal force from the plate (Figure 3 ). Applying Newton's second law in the 2 2 frame gives
3 mR T 5 7 r 9 8 24 4 4 R 6 q 6 8 m 7 q1
where
T , and f G 1 2 3 mR T g are the normal, frictional, and gravitational forces on Fig. 3 . The three forces that act on the part are due to gravity, friction, and the normal force from the plate. The gravitational force f G always acts in the negative z-direction of the 1 frame, the frictional force f F always acts tangent to the plate surface, and the normal force f N always acts perpendicular to the plate surface.
the part in the 2 2 frame. Solving (6) for 7 r yields an expression for the part's acceleration in the 1 frame: 
Our analysis is restricted to situations in which the part always remains in contact with the plate. Contact is maintained as long as N 0. In addition, contact implies that the acceleration of the part perpendicular to the plate surface is zero at all times in the 2 frame. Mathematically, we express this as
where z 1 [01 01 1] T .
Normal Force
As noted previously, the normal force has the form f N 1 2 3 [01 01 N ] T in the 2 2 frame. Pre-multiplying (7) by z T and noting (11) yields the following expression for the magnitude of the normal force, N :
We define the effective gravity as
so that N 3 mg eff .
Frictional Force
We assume Coulomb friction in our model. Since frictional forces can only act in the x 1 2 -y 1 2 plane of the 2 2 frame, we make use of the projection matrix that zeroes the third component of vectors in 1 3 . The frictional force acting on a part located at r depends on the state of the system. There are three cases: slipping, sticking but about to slip, and sticking. We summarize these cases mathematically as
where 7 k and 7 s are the respective kinetic and static coefficients of friction between the part and the plate.
Simulation
Using the system model outlined above, we have developed a software package in MATLAB that simulates the motion of point parts for user-specified periodic plate motions. It also computes the corresponding asymptotic velocity field, as discussed in Section 4.
Mapping Periodic Plate Motions to Position-dependent Part Velocities
It is usually difficult to gain conceptual insight into the relationship between plate motion and part motion using the full dynamic model presented in the previous section. However, by running numerical simulations of the system, we observed that there is a unique average velocity v a 2r3 such that a point part at r, moving with any other average velocity (when averaged over one cycle), tends toward v a 2r3. We call v a 2r3 the asymptotic velocity at r. Thus, a part's motion on the plate is given approximately by the position-dependent asymptotic velocity field, where the quality of the approximation depends on the rate of convergence to the asymptotic velocity at each location. We now present a simplified system model that allows us to justify the position-dependent asymptotic velocity observed in the simulations and leads to further insight about part motion induced by small-amplitude periodic plate motions.
Simplified System Model
To simplify the system model, let us assume that the part is sliding at all times. Let us also operate in a regime where the linear and angular displacements of the plate are small enough so that we may assume p 0 and R I. It follows that the part's position vector in the 2 frame can be approximated as q r [x1 y1 0] T , and that the gravitational, frictional, and normal forces acting on the part can be considered aligned with the 1 axes. In other words, the configuration of the plate is assumed to correspond to the home position at all times.
With the assumptions above, the approximate acceleration of the part in the horizontal plane, denoted by a, is obtained by simplifying the x-and y-components of (8):
Also using the assumptions above, the effective gravity g eff and the relative velocity vector 6 q that respectively dictate the magnitude and direction of a can be approximated by simplifying (13) and (10) and further assuming that Coriolis and centripetal accelerations are insignificant:
In summary, the simplified system model assumes that the part is always sliding, the configuration of the plate always corresponds to the home position, and Coriolis and centripetal accelerations are negligible. As discussed in Section 8, this model accurately describes experimental data obtained with the PPOD.
Asymptotic Velocity of Sliding Parts
Let v and v 9 be the respective velocities of the part and the plate at a location r and time t projected onto the x-y velocity plane in the 1 frame. We refer to this plane of velocities as 3 xy . We note that the first two components of 6 q in (17) are equivalent to v 4 v 9 . Let r xy 3 r 9 xy 3 [x1 y]
T be the x-and y-components of P and P 9 . We assume plate and part displacements are negligible so that r xy 3 r 9 xy has a fixed value throughout the cycle. Thus, at a given r xy , v 9 sweeps out a closed trajectory in 3 xy for any periodic plate motion. Let 45 9 denote the convex hull of this trajectory in the 3 xy plane.
We now define a system denoted by 9 as one that consists of:
1. a plate undergoing periodic motion with period T and a bound on the magnitude of its acceleration1
2. a part with a fixed value of r xy , but with a velocity that may be non-zero, and an acceleration given by (15)- (17) of the simplified dynamic model1
3. a bound g min 8 0 such that g eff 8 g min at r xy for all time.
The following theorem asserts the existence of a unique asymptotic velocity for this type of system. Theorem 1. For a system 9, the part asymptotically converges from any initial velocity to a unique stable limit cycle of period T on or inside 45 9 .
Proof. We first show that the part's velocity converges asymptotically to a trajectory on or inside 45 9 in the 3 xy plane. Recalling that 6 q is equivalent to v 4 v 9 , (15) implies that v moves in the direction of v 9 at each instant in the 3 xy plane ( Figure 5 (a)). Since v 9 is always on or inside 45 9 , it follows from the convexity of 45 9 that if v is outside of 45 9 it must always move closer to 45 9 , and if v is on or inside 45 9 it must remain on or inside 45 9 . Thus, all parts move either inside or arbitrarily close to 2 45 9 . Now we show that a part converges to a unique trajectory in the 3 xy plane from all initial velocities. Let P A and P B be two point parts located at r xy with identical coefficients of kinetic friction, From (16) the value of g eff is the same for both P A and P B . Thus, (15) implies that at all times P A and P B move with equal speed in the direction of v 9 in the 3 xy plane. 23 is zero for an entire cycle. However, during such a cycle P A and P B each move a 2. We can view the system in the 1 xy plane as a pursuer-evader game between the part (pursuer) and the plate (evader). The evader is constrained to move in a periodic trajectory while the pursuer's strategy is to always move directly toward the current position of the evader. distance of at least 7 k g min T closer to 45 9 in the 3 xy plane. Thus, as long as d dt 23 3 0 continues to hold, one of the parts will reach 45 9 in finite time, at which point this case reduces to the previous case.
We have now shown that 2ddt323 0 during a finite portion of every cycle once a finite amount of time has elapsed. Thus, after some finite time t 0 , there is a contractive mapping of from cycle to cycle for all future time.
We now show that the part's velocity is periodic with period T . Let v n denote the velocity on the part's trajectory at time t n , where t n 3 t 0 8 nT , n 3 01 11 21 6 6 6 6 Let n 3 v n81 4 v n be the distance between v n81 and v n in the 3 xy plane. Owing to its periodic motion, note that the plate's velocity is identical at all t n and we therefore simply denote it as v 9 ( Figure 5(c) ). At t 3 t 0 let a part P A have velocity v 0 and a part P B have velocity v 1 . Thus, P A and P B move along the same trajectory but are staggered by one period. This means that for any n we can associate P A with the beginning of a cycle and P B with the end of the same cycle. By definition, P A and P B are separated by a distance of 0 in the 3 xy plane at t 3 t 0 . Owing to the fact that 0 is finite and that n 8 n81 (because of the contractive mapping of from cycle to cycle), it follows that lim n n 3 0. Thus, the locations of P A and P B converge to a single point in the 3 xy plane at times t n as n . It follows that the trajectories of P A and P B asymptotically converge to a limit cycle of period T in the 3 xy plane. This limit cycle will be non-trivial (i.e. will not correspond to just a single point in the 3 xy plane) as long as v 9 is not zero during the entire cycle. We call the limit cycle the asymptotic trajectory at r xy . The time-averaged velocity of the points on the asymptotic trajectory at r xy is the unique asymptotic velocity v a 2r xy 3. 2 Figure 4 shows simulation results that illustrate the ideas presented in Theorem 1. The plots are for the location r xy 3 [06061 0] T m on a plate undergoing the motion described in Figure 6 (g) that generates a Whirlpool field. In Figure 4 (a), two parts with different initial velocities are shown converging to the same asymptotic trajectory inside 3 45 9 . This is also highlighted in Figure 4 (b), which shows decreasing over time, and in Figure 4 (c), which shows the individual x and y velocities of the two parts converging in time. The markers in Figure 4 (a) and (c) are plotted in increments of T 2 with the shaded markers corresponding to times that are multiples of T . Thus, the shaded markers represent v 0 through v 5 for each part. For both parts, the shaded markers converge to a single value (roughly [406021 40603] T m s 41 ) indicating that the asymptotic trajectory and the plate's trajectory have the same period. (15) and (17), a point part must move directly towards the plate at all times. As shown in (a), this is true whether the part is outside, inside, or on 45
9 . In (b), two parts are separated by a distance . This distance can never increase as the system evolves in time. In (c), a part's trajectory starting from v 0 is plotted for 2.5 cycles. Markers for the plate and the part are plotted in increments of T , corresponding to the point v 9 for the plate and v 0 , v 1 and v 2 for the part. The distance n between successive markers on the part's trajectory must decrease every cycle (e.g. 1 0 ).
Computing Asymptotic Velocity
Theorem 1 allows us to formally define the asymptotic velocity at r xy as
where v 2 2t3 is the unique limit cycle of the asymptotic trajectory at r xy . For some simple plate motions, the asymptotic velocity field as a function of r xy can be determined analytically from (18) (see, e.g., Vose et al. (2007 Vose et al. ( , 2008a and Umbanhowar and Lynch (2008))1 otherwise, it can be determined numerically by computing the asymptotic velocity at a discrete set of points on the plate as follows. T m with different initial velocities on a plate undergoing the motion specified in Figure 6 (g). The period of the plate's motion is T 3 130 s, and the markers in (a) and (c) are plotted in increments of half a cycle (the shaded markers correspond to times that are multiples of T ). In (a), the trajectory of the two parts in the 3 xy plane is shown for five cycles of plate motion. Both parts rapidly approach a nearly circular asymptotic trajectory centered around [406011 406025] T m s 41 that is fully contained within the plate motion's convex hull. The shaded markers for both parts converge to a single value (roughly [406021 40603] T m s 41 ) indicating that the asymptotic trajectory has the same period as the plate. The distance between the parts' velocities in the 3 xy plane rapidly approaches zero without ever increasing, as shown in (b). The x-and y-components of the velocity are plotted individually versus time in the top two graphs of (c)1 the effective gravity is plotted in the bottom graph of (c). The dashed vertical line in (c) denotes a time t at which g eff is a maximum.
2. Simulate the part dynamics (without updating the position) for one cycle of plate motion.
3. Subtract the part's velocity at the end of the cycle from its velocity at the beginning of the cycle. If the magnitude of the difference is not within a predefined tolerance , repeat step 2, but use the part's velocity at the end of the current cycle as its initial velocity for the next cycle.
4. Average the part's velocity over the cycle.
Estimating Asymptotic Velocity
Although the asymptotic velocity field can always be computed numerically by simulating the system dynamics at a discrete set of points, in this section we explain how to estimate it using the notion of transient acceleration. Transient acceleration is more efficient to compute than asymptotic velocity because it only requires computing a definite integral rather than simulating the system dynamics until a convergence condition is satisfied. Furthermore, for some plate motions a qualitative estimate of the transient acceleration can be obtained by simple inspection. This is useful for gaining intuition about the properties of the fields generated by a class of plate motions, as discussed in Example 2 of Section 6.11 it also leads to insight about the inverse problem: finding a plate motion that approximately generates a desired field.
Transient Acceleration
Let a point part located at r xy have an initial velocity v 3 0 in the 3 xy plane. Unless the part happens to begin perfectly positioned on the asymptotic trajectory, there is a transient period during the first few cycles of plate motion in which the part converges to the asymptotic trajectory at r xy . During the transient period the average acceleration of the part is non-zero in Fig. 6 . Numerically calculated asymptotic velocity fields for Single Frequency Sinusoidal (SFS) plate motions at 30 Hz based on 9 system dynamics with 7 k 3 7 s 3 063. Arrows are drawn in 0602 m increments. The arrows are missing in the corners of some of the fields because the part loses contact with the plate at those locations before reaching an asymptotic velocity. The plate motion is listed below each field1 linear and angular accelerations are in meters per second squared and radians per second squared, respectively. Below each field is also an approximate form of the asymptotic velocity field given in meters per second for positions x and y given in meters. The asymptotic velocity field is computed by fitting the asymptotic velocity at each plotted point to (25) via least squares. Overlaid on each asymptotic velocity field is a 200 cycle (6.66 s) simulation of a point part starting from rest incorporating the full system dynamics. The position of the part is plotted every 10 cycles (increments of 1/3 s).
order to bring the average cycle velocity closer to the asymptotic velocity. Thus, to a good approximation, the asymptotic velocity at r xy is proportional to the average transient acceleration over a small number of cycles at r xy arising from the initial condition v 3 0.
To estimate g eff during the transient period we use (16), rewritten below explicitly in terms of acceleration components: 19) To estimate 6 q during the transient period we assume that the magnitude of the plate's velocity v 9 is much greater than the part's velocity v. Thus, (17) 20) With this assumption, the transient acceleration at r xy can be computed by averaging (15) over a single cycle subject to (19) and (20):
To generate the transient acceleration field, (21) can be computed at a discrete set of points, or possibly solved analytically for certain plate motions. We make the important observation that in our model of the transient acceleration neither g eff nor 6
q depends on the motion of the part: from (19) the magnitude of a tran is a function of 7 p z , 5 x , and 5 y 1 from (20) the direction of a tran is a function of 6 p x , 6 p y , and 4 z . We refer to 7 p z , 5 x , and 5 y as the out-of-plane acceleration components of the plate's motion. We refer to 6 p x , 6 p y , and 4 z as the in-plane velocity components. In-plane velocity components can be obtained by integrating the in-plane acceleration components 7 p x , 7 p y , and 5 z of the plate's motion. Without solving the integral in (21), intuition about the qualitative properties of a transient acceleration field (and by extension an asymptotic velocity field) can often be gained by assuming that a tran 2r xy 3 is dominated by the portion of the cycle when g eff is largest. This is discussed in the next section with regard to sinusoidal plate motions.
Single Frequency Sinusoidal Plate Motion
We now focus on the class of plate motions whose linear and angular acceleration components are sinusoidal with the same frequency, f :
This 11-dimensional space of plate motions is parameterized by six amplitudes and five phases (one phase can be chosen to be zero without loss of generality). We refer to plate motions of this form as Single Frequency Sinusoidal (SFS). Figure 6 shows various numerically computed asymptotic velocity fields arising from SFS plate motions assuming 9 system dynamics. Roughly 6 s of simulated motion of a point part initially at rest is overlaid on each field. The simulated part motion is computed using the full dynamic system model given in Section 3 (although the simplified system model in Section 4 gives visually indistinguishable results). In all cases the agreement between the simulated motion and the asymptotic velocity field is very good after a brief initial transient.
Estimating Fields Arising from SFS Plate Motion
It is straightforward to predict the general character of a transient acceleration field (and by extension an asymptotic velocity field) arising from a SFS plate motion without explicitly solving (21). To qualitatively estimate transient accelerations we assume that the frictional force at the instant in the cycle when g eff is a maximum dominates the overall part dynamics. Thus, at a location r xy , the average magnitude of a tran is roughly proportional to the maximum value of g eff . Similarly, the average direction of a tran roughly corresponds to the direction of 6 q at the instant when g eff is a maximum. Mathematically, we are assuming that a tran g eff 2 t3 6 q2 t3 6 q2 t3 1
where t 3 arg max
Example 1: Estimating Asymptotic Velocity at a Point
Consider the point r xy 3 [06061 0] T m on a plate undergoing the SFS motion in Figure 6 (g) that generates a Whirlpool field. The circular trajectory of the plate's velocity in the 3 xy plane is depicted in Figure 4 T . By examining the x and y velocities of the plate at this time we expect the transient acceleration (asymptotic velocity) to have a negative y-component and no x-component. This is very nearly true-the asymptotic trajectory to which the parts are converging in Figure 4 (a) has an average y-velocity that is negative and an average x-velocity that is very close to zero, although slightly negative. To create a Saddle with an asymptotic velocity field that is the sum of the LineSinkX and LineSourceY basis fields in (a) and (b), the amplitudes and phases of the plate motion must be changed from their values in the basis fields. The four fields shown are computed using 9 system dynamics with 7 k 3 7 s 3 063. The plate's linear and angular accelerations are given in units of meters per second squared and radians per second squared, respectively. The asymptotic velocity is in units of meters per second for x, y positions are in units of meters. The approximate forms of the asymptotic velocity fields are computed by fitting the asymptotic velocities at the plotted points to (25) via least squares. Arrows are drawn in 0602 m increments1 arrows are missing in the upper left and lower right corners of (c) because contact was broken at those locations before the part reached an asymptotic velocity.
Example 2: Determining the General Form of Asymptotic Velocity Fields Associated with a Class of SFS Plate Motion
Consider the following class of SFS plate motions:
From (19) and (20), the effective gravity and relative velocity vector can be written as We note that g eff is position dependent1 its maximum value increases with distance from the line in the direction of the vector [A 1 A ] T that passes through the origin. We refer to this line as a nodal line. We also note that 6 q is position independent and points in the direction of the vector [A x 1 A y ] T . It follows that during the transient period a part will accelerate in the direction [A x 1 A y ]
T with a magnitude that scales with its distance from the nodal line.
Let us examine the special case where A y 3 A 3 0, implying that 6 q is always aligned with the x-axis and that the maximum value of g eff increases with distance from the y-axis. Thus, we expect the magnitude of a tran to increase with distance from the y-axis. Further, whenever g eff is a maximum on one side of the y-axis it is a minimum on the other side. This introduces an asymmetry that causes the direction of a tran to differ on opposite sides of the y-axis. Depending on the phase the part will accelerate toward or away from the nodal line. , g eff and 6 q are out of phase with each other for positions satisfying x 0 (i.e. for parts with negative x-positions, the plate moves in the positive xdirection during the instant in the cycle when g eff is a maximum). On the other hand, the plate moves in the negative xdirection during the instant in the cycle when g eff is a maximum for parts satisfying x 8 0. It follows that during the transient period parts with x 0 tend to accelerate in the positive x-direction whereas parts with x 8 0 tend to accelerate in the negative x-direction. As illustrated in Figure 7(a) , the asymptotic velocity field for this case corresponds to a squeeze field converging on the y-axis. We refer to this as a LineSinkX field.
In general, the class of plate motions given by (24) creates a nodal line of zero velocity in the direction of the rotation axis (i.e. the direction of the vector [A 1 A ] T ). The value of determines whether the nodal line is attractive or repulsive. As illustrated in Figures 6(c) and (d) and 7, A x , A y , A , A , and can be chosen to create fields such as LineSource, SkewLineSink, SkewLineSource, and Shear.
Necessary Condition for Non-zero SFS Fields
For 9 system dynamics, a purely in-plane SFS plate motion (i.e. 5 x 3 5 y 3 7 p z 3 0) must result in an asymptotic velocity of zero at all locations on the plate. This is because the symmetry of the plate's SFS motion about the origin in the 3 xy plane coupled with the constant value of g eff ensures that the part's average velocity is zero, even if it is constantly sliding on the plate. Similarly, a purely out-of-plane SFS plate motion (i.e. 7 p x 3 7 p y 3 5 z 3 0) also results in an asymptotic velocity of zero at all locations. In this case the asymptotic velocity is zero everywhere because the plate's trajectory in the 3 xy plane is fixed at the origin. These ideas are summarized in the following theorem:
Theorem 2. For 9 system dynamics on a plate undergoing SFS motion, the asymptotic velocity is zero at all locations on the plate surface unless at least one in-plane acceleration component is non-zero and at least one out-of-plane acceleration component is non-zero.
Thus, the simplest way to generate a non-zero field from SFS plate motion is to combine a single in-plane acceleration component with a single out-of-plane acceleration component. There are nine such combinations, which generate the following asymptotic velocity fields: TransX, TransY, Circle, NodalLineX, NodalLineY, ShearX, ShearY, DivCircleX, and DivCircleY. These fields are shown in Figure 8 along with their approximate mathematical forms, each of which contain a single free parameter. The parameter is a non-linear function of the plate's amplitudes and phases as well as the coefficient of friction1 however, it may also weakly depend on the position of the part. Thus, it may not have a constant value despite a fixed plate motion and coefficient of friction. For this reason, the mathematical forms of the fields in Figure 8 are only given as approximations. For example, the relationship between x-position and x-velocity in the NodalLineX field in Figure 8 (f) may be slightly non-linear because b 11 may depend on x for some choices of plate motion and friction coefficient. This non-linearity is visually apparent in Figure 13 which shows x-velocity versus x-position for simulated NodalLineX fields generated with A x 3 10 m s 42 , x 3 0, A 3 100 rad s 42 , 3
, and 7 3 0615, 0625, and 0635. A detailed examination of the exact form of b 11 for a NodalLineX field generated with "bang-bang" rather than sinusoidal plate motion is given in Vose et al. (2008a) . The direction of the velocity vectors (i.e. the sign of the free parameter) in each field in Figure 8 can always be reversed by adjusting the relative phase between the in-plane and out-ofplane acceleration components, and in some cases, by adjusting the relative magnitudes of the acceleration components or even the coefficient of friction.
We also note that all of the fields with non-zero divergence (NodalLineX, NodalLineY, DivCircleX, DivCircleY) share a common trait: the out-of-plane acceleration component is caused by a rotation about an axis that is not coincident with the in-plane acceleration component.
Basis Fields for Sinusoidal Motion Primitives
Based on extensive simulation results, it appears that every field generated from a SFS plate motion can be approximately decomposed into a linear combination of the nine fields in Figure 8 . Thus, we hypothesize that these nine fields are basis fields for all SFS generated fields and we refer to them as the SFS basis fields 4 . From the mathematical approximations given in Figure 8 , the set of asymptotic velocity fields with constant, linear, and quadratic terms described by 
is therefore a good approximation to the set of all fields generable with SFS plate motions if our hypothesis is correct. To be more precise, because the magnitude of the plate's acceleration is bounded, we hypothesize that SFS plate motions allow us to generate a full-dimensional subset (containing the Fig. 8 . The nine SFS basis fields. Below each field is the corresponding class of plate motions and the approximate form of the asymptotic velocity. The free parameter in each approximation is a non-linear function of the magnitudes and phases of the plate's acceleration components, the coefficient of friction, and possibly the position of the part.
origin) of the eight-dimensional linear space of vector fields given in (25). Thus, there are bounds on the magnitudes of the elements in A, B, and c. Yet within those bounds, the six combined elements of B and c can all be chosen independently. This is not true for the elements in A, which are constrained due to the form of the two DivCircle basis fields. We note that the class of SFS plate motions with 5 z 3 0 is still rich enough to generate the full six-dimensional subset of the linear and constant fields given by (25), i.e. still rich enough to generate all six independent (bounded) elements of B and c. Figures 6-8 show examples of asymptotic velocity fields belonging to (25). Even though the set of fields given by (25) is a small subset of all possible asymptotic velocity fields obtainable with a six-DoF oscillating plate, it is notable for including fields with non-zero divergence such as Sink and SqueezeTrans.
Despite the fact that there appears to exist a SFS plate motion to create any field that is a linear combination of the SFS basis fields (within the bounds explained above), linearly combining the plate motions of SFS basis fields does not in general yield an asymptotic velocity field that is a linear combination of the basis fields. This is due to the non-linear dynamics of the system. We illustrate this nonlinearity in Figure 7 . The two fields in (a) and (b), denoted LineSinkX and LineSourceY, are special cases of the basis fields NodalLineX and NodalLineY, respectively 5 . Linearly combining these two fields yields the Saddle field shown in (d). However, linearly combining the plate motions of these two fields yields a plate motion that generates the Shear field shown in (c). We note that plate motion to generate the Saddle field in (d) is similar in form to the superposed plate motion of the LineSinkX and LineSourceY fields in (a) and (b), but with mostly different values of the magnitudes and phases of the acceleration components.
The previous example illustrates that even if we can decompose a desired field into SFS basis fields, we cannot generate the desired field by linearly combining the plate motions of the SFS basis fields. However, we have observed that the following rule holds between the desired field and its SFS basis fields: if an acceleration component is zero in all of the basis fields, it is zero in the desired field as well. In some cases this rule helps to greatly reduce the search for a plate motion yielding a desired field. For example, the SqueezeTrans field in Figure 6 (a) is a combination of a TransY field and a NodalLineX (specifically LineSinkX) field. In the TransY field the 7 p x , 5 x , 5 y , and 5 z acceleration components are zero. In the LineSinkX field the 7 p y , 7 p z , 5 x , and 5 z acceleration components are zero. Since 5 x and 5 z are zero in both basis fields, they must also be zero in the SqueezeTrans field, reducing the dimension of the space of possible plate 5. The approximate asymptotic velocity field equations given in Figures 6 and 7 are obtained by fitting the numerically computed asymptotic velocities at each point to (25) via least squares.
motions from 11 to 7. A general method for determining the values of the magnitudes and phases corresponding to these seven remaining DoFs is an important area of future research.
Beyond SFS Plate Motions
To generate fields that cannot be well described by (25), plate motions more general than SFS are required. An obvious generalization is to express the plate's acceleration components as
where f is now the fundamental frequency. With this formulation, we can approximate any periodic square-integrable plate acceleration if M is large enough. If M 3 1, we recover the class of SFS plate motions.
Reznik and Canny (2001) discussed a Jet field (shown in Figure 9 (a)) that localizes forces to a small region on the plate. The plate motion for this field (given in Figures 9(a) and (b) for f 3 10 Hz) requires M 3 6 frequencies (although only three of these frequencies correspond to signals with non-zero amplitudes). This is an important example because the Jet field cannot be well approximated by (25). Thus, when M 8 1 we know that (25) is not sufficient to describe the set of generable asymptotic velocity fields.
The method Reznik et al. used to determine a field from a plate motion is equivalent to our method of computing transient acceleration. The Jet in Figure 9 (a) corresponds to the transient acceleration field for Reznik et al.'s plate motion. Using this analysis method, the field has an approximate axis of symmetry at y 3 0 and grows weaker with distance from the origin in all directions. The Jet field in Figure 9 (b) is based on the same plate motion, but is computed using the asymptotic velocity method. The asymptotic velocity analysis leads (b), respectively. The field is strongest near the origin and cannot be well approximated by (25) . Note that the plate motion is composed of three frequencies (20, 30, and 60 Hz) and therefore has a fundamental frequency of 10 Hz (T 3 110 s). The asymptotic velocity field for the Jet in (c) has only two frequencies (30 and 60 Hz) and therefore has a fundamental frequency of 30 Hz (T 3 130 s). The three parts (7 k 3 7 s 3 063) overlaid on the fields in (b) and (c) are simulated using the full dynamics for 6 s and are plotted every second (every 10 cycles and 30 cycles, respectively).
to a field that is neither symmetric about y 3 0 nor decreasing in magnitude in all directions from the origin. The full dynamic simulations overlaid on Figure 9 (b) show that asymptotic velocity is better than transient acceleration at characterizing part motion over long periods of time. Since Reznik et al. rapidly changed the focus of the Jet field to stay under the part, this was not a major concern for them.
Using the same reasoning outlined by Reznik and Canny (2001) , we used trial and error to generate the asymptotic velocity field for the Jet shown in Figure 9 (c) with M 3 2 ( f 3 30 Hz). This field is not highly localized, but does appear to have more symmetry than the Jet field in Figure 9 (b). It is unknown whether it is possible to make a symmetric and highly localized Jet field with M 3 2 because we do not have an equivalent version of (25) for M 8 1. Classifying the set of fields obtainable for M 8 1 will most likely be significantly more challenging than for M 3 1 because Theorem 2 no longer holds.
Although this paper focuses on parts in permanent contact with the plate, allowing parts to intermittently lose contact may also lead to new types of fields. Berard et al. (2008) have discovered a plate motion that exploits loss of contact to generate some Circle fields that are better approximated by (25) than equivalent Circle fields generated with SFS plate motions.
Experimental Results
Experiments were performed using the PPOD shown in Figure 1 . The PPOD is an inexpensive prototype based on a parallel manipulator design by Merlet that is similar to a Stewart platform (Merlet 1991 (Merlet , 1992 . It consists of six 300 W symmetrically arranged speakers (Pyramid WX-65X) connected to a rigid plate through six linkages. Two compliant flexures on each linkage serve as joints that allow the plate to move with up to six DoFs (see McInroy and Hamann (2000) 1 McInroy (2002) , Preumont et al. (2002) and Thayer et al. (2002) for related work on flexure-based parallel manipulators). The flexures consist of tubing (Tygon SE-200) with an outer diameter of 0.25 inches and a bend radius of 1 inch. The tubing screws onto threaded aluminum rods that comprise the rigid portions of each linkage. At each flexure joint, there is roughly 1 inch of exposed tubing. The 13-inch diameter circular plate is made of 0.5-inch-thick aluminum honeycomb with a painted surface. Four dual-axis accelerometers (Analog Devices ADXL321) are mounted around the perimeter of the plate. Each accelerometer measures acceleration components tangent to the plate's perimeter and perpendicular to the plate's surface. The eight accelerometer signals are acquired by a PC running MATLAB xPC using a Measurement Computing DAQ board (PCI-DAS1602/12). Before entering the DAQ board, the acceleration signals are low-pass filtered with a RC circuit that has a cutoff frequency of 500 Hz. The lin- p z has a greater response than 7 p x and 7 p y , and 5 z has a lesser response than 5 x and 5 y .
ear and angular accelerations of the plate are estimated using a least-squares fit to the eight acceleration signals. The control waveform is sent from the PC using the analog outputs of a separate Measurement Computing DAQ board (PCI-DDA08/12) to a six-channel audio amplifier (Sony STR-DE897). Input and output to the PC is sampled at 4,500 Hz. A camera (Microsoft LifeCam VX-6000) images the experiments at six frames per second from directly above.
The sliding part was a modified 0.5-inch diameter washer with a mass of 1.5 g. To ensure contact was well defined, three 0.2 cm diameter copper spheres were glued to the bottom of the washer near the outer diameter and spaced 120 apart. The top face of the washer was covered with black paper so that it was the darkest object in the image. Images were thresholded and the part's position was determined as a function of time by computing its centroid. The part's velocity is computed using a central difference filter on the position data. An acausal filter then low-pass filters the velocity by averaging the previous, current, and future velocities with equal weights. Combining these filters, the part's velocity v at time step k is computed as
where t 3 1 6 s and x is the part's measured position.
Iterative Learning Control
We assume the PPOD's compliant flexures can be modeled as linear springs and dampers due to the small displacements of the plate. As the dynamics of the plate are approximately linear, acceleration control of the plate is implemented using a spectral decomposition learning control method appropriate for linear systems. We experimentally determine the 36 frequency responses relating the six voltage signals sent to the amplifier u 3 [u 1 1 u 2 1 u 3 1 u 4 1 u 5 1 u 6 ] T to the plate's six acceleration components y 3 7 7 p x 1 7 p y 1 7 p z 1 5 x 1 5 x 1 5 x 8 T . Representative magnitude plots of the frequency response from one speaker to the six plate acceleration components are shown in Figure 10 for frequencies between 15 and 180 Hz. We typically drive the PPOD between 30 and 180 Hz. A cutoff frequency of around 60 Hz is typical of all 36 Bode plots1 we believe this cutoff is primarily due to the flexures and could be significantly increased by changing their material or geometrical properties.
We use the frequency response data to construct a set of N 6 6 complex matrices, denoted by G n , that represent Fig. 11 . Comparison of the desired (solid) and measured (o) acceleration components of the Whirlpool plate motion given in Figure 6 (g) for one period using N 3 6 controlled frequencies. The insets show the difference between measured and desired acceleration.
the transfer function of the system at a set of frequencies f n . We typically choose f n 3 n f n 3 11 21 6 6 6 1 N , where f 3 1T is the fundamental frequency of the desired plate motion 6 . The six acceleration components of one period of the desired plate motion are then discrete Fourier transformed and the terms corresponding to the frequencies in f n form y d n . At each of the frequencies in f n we use the inverse dynamics of the system to infer an initial guess for the control waveform in the frequency domain:
The measured acceleration of the plate during one period is then discrete Fourier transformed to form y n as well as the error in the frequency domain e n 3 y d n 4 y n . The control waveform in the frequency domain is then updated for subsequent cycles by the iterative control law
where k 3 0615 is the controller gain. The signal u n is inversediscrete Fourier transformed to obtain u for one cycle, which is then sent to the audio amplifier. Figure 11 shows the effectiveness of the controller for a plate motion corresponding to the Whirlpool field in Figure 6 (g). Since we are assuming a linear system, and the only frequency required to generate this plate motion is 30 Hz, we should be able to control the plate using 6. The controller will still work if the set of frequencies f n is defined differently than stated in the text as long as all frequencies in the plate's desired acceleration that have non-negligible power are included in f n . f n 3 30 Hz (N 3 1). However, we have chosen f n 3 301 601 901 1201 1501 180 Hz (N 3 6) to help compensate for any non-linearities that may arise in the real system (e.g. excitation of higher harmonics). The controller is able to drive the average root mean square (RMS) value of the error to less than 0.1 m s 42 for linear accelerations and to less than 1 rad s Fig. 12 . The mean of 10 trials of experimental data for the TransX and TransY fields. The shaded band encompasses one standard deviation above and below the mean. Curves corresponding to the simulated asymptotic velocity for three values of 7 are shown for reference. Figure 12 shows position versus velocity data for the two Trans fields. The gray bands on each plot encompass one standard deviation above and below the mean for 10 trials. Simulated asymptotic velocity fields for three values of 7 are also plotted as a reference. Both the TransX and TransY plots indicate 7 0625, which was also verified by sliding the part down the plate surface on an incline. Fig. 13 . The mean of 10 trials of experimental data for the LineSinkX field. The shaded band encompasses one standard deviation above and below the mean. Curves corresponding to the simulated asymptotic velocity for three values of 7 are shown for reference.
The 10 trials of position-velocity data for the LineSinkX field shown in Figure 13 are also consistent with 7 0625. We note again that the asymptotic velocity for this LineSinkX field is not quite proportional to the x-position of the part due to the values we have chosen for the magnitudes and phases of the acceleration components and the coefficient of friction. This non-linearity is corroborated by the experimental data. Figure 14 shows experimental versus simulated trajectories for two initial part locations in four fields assuming that 7 3 0625. Markers in the trajectories are plotted every 065 s (every third camera image). The simulated trajectories correspond to full dynamics simulations with the part starting from rest.
Discussion
The plate and the part were cleaned with rubbing alcohol before each trial to help maintain a spatially uniform friction coefficient. However, Figures 12 and 13 show fluctuations in the part's velocity not predicted by the asymptotic velocity model. This suggests that the friction coefficient may have varied across the plate surface. We plan to use a smoother, more scratch-resistant surface such as glass in future implementations.
To rule out the possibility that the small errors in the controlled acceleration signal caused the part's velocity to fluctuate, we simulated the system using the experimentally controlled signals rather than perfect sinusoids. The results of these simulations matched nearly exactly the asymptotic velocity fields computed with perfect sinusoids indicating that errors due to the controller (shown in the insets of Figure 11 ) are insignificant.
In general, we observed that the experimental data differed most from simulation in regions where the field was weakest, such as near the origin of the Whirlpool field and near x 3 0 of the LineSinkX field. This behavior is not currently understood, although it may be partially attributable to the finite extent of the experimental part.
Conclusions
We have presented a theory of asymptotic velocity that predicts a relationship between small-amplitude periodic motions of a rigid plate and position-dependent velocity fields for point parts in frictional contact with the plate. Full dynamic simulations and experimental results with the PPOD suggest that asymptotic velocity is a useful way to characterize part motion on the plate surface.
We have hypothesized that the class of SFS plate motions can generate any asymptotic field belonging to (25) within the bounds discussed in Section 6.3. If true, all velocity fields (within those bounds) that have only constant and linear terms with respect to position can be generated with an appropriate SFS plate motion. Some of the fields in this set have been verified in simulations and experiments throughout this paper. In particular, we have demonstrated the existence of fields in this set with non-zero divergence, such as LineSink. Many useful fields in this set (e.g. Trans, Circle, and LineSink) can be implemented on simple devices using just one or two DoFs.
There are four broad areas that we see as fruitful for future work. The first is to gain more insight about the scope of generable fields for non-SFS plate motions. The second is to develop a comprehensive understanding of how to map a desired field to its associated periodic plate motion(s). The third is to better understand how the coefficient of friction and the motion of the plate affect the rate of convergence to the asymptotic velocity. The fourth is to extend the work presented in this paper to handle parts with planar extent. Since asymptotic velocity fields result from point part analysis, a fundamental question is whether they can be used to determine trajectories and equilibrium configurations of two-dimensional parts. These results will allow us to address a variety of applications including planar parts sorting, feeding, and assembly.
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Appendix: Index to Multimedia Extensions
The multimedia extension page is found at http://www.ijrr.org 
